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Abstract

Steady flows of a vapor with evaporation and condensation on the boundary consisting of the condensed phase of the vapor
are considered in the following situation: (i) the boundary is of arbitrary smooth shape; (ii) the Knudsen number Kn, the ratio
of the typical mean free path of the vapor molecules to the characteristic length of the system, is small; (iii) a small amount
of a noncondensable gas is contained in the system; more specifically, the amount is such that the average concentration of
the noncondensable gas is of the order of Kn in the case of a closed domain (the case of an infinite domain is also discussed).
The steady behavior of the vapor and the noncondensable gas, in particular, that in the continuum limit where Kn vanishes, is
investigated by means of a systematic asymptotic analysis based on kinetic theory. In this situation, the average concentration
of the noncondensable gas becomes infinitely small in the continuum limit in the case of a closed domain. However, it is shown
that the noncondensable gas accumulates in the infinitely thin Knudsen layer on the boundary where condensation is taking
place and has a significant effect on the global vapor flow in the continuum limit. An example demonstrating such an effect is
also given.
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1. Introduction

Vapor flows with evaporation or condensation on the boundary have been one of the important subjects in rarefied gas
dynamics. For single-component systems consisting of a pure vapor and its condensed phase, many successful results have
been obtained. For example, a new type of gas dynamics (i.e., fluid-dynamic equations and their boundary conditions) describing
the vapor flows around the condensed phase of arbitrary shape in the continuum limit has been established, together with its
correction in the near continuum regime, by means of a systematic asymptotic analysis of the Boltzmann equation for small
Knudsen numbers (Sone and Onishi [1], Onishi and Sone [2], Sone [3-5], Aoki and Sone [6]). As for the vapor flows at
intermediate and large Knudsen numbers, we refer to Sugimoto and Sone [7], Sone and Sugimoto [8], and Takata et al. [9] as
typical examples and to Kogan [10], Ytrehus [11], and Rebrov [12] as review papers.

In practical situations, however, evaporation and condensation often take place in the presence of other gases that neither
evaporate nor condense (honcondensable gases). Such two- or multi-component systems (vapor—gas mixtures) have also been
investigated in the literature (e.g., Pao [13], Matsushita [14], Onishi [15,16], Bedeaux et al. [17]). But, because of the complexity
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of the systems, the level of understanding is still unsatisfactory. For instance, the behavior of the mixtures in the continuum limit
has not fully been understood yet.

In a series of recent papers (Aoki et al. [18], Takata et al. [19], Takata and Aoki [20], Aoki [21]), we investigated the con-
tinuum limit of a mixture of a vapor and a noncondensable gas in a simple one-dimensional problem. More specifically, we
considered the mixture in the gap between two parallel plane condensed phases of the vapor with different uniform temperatures
(the condensed phases may be moving with a constant speed in their surfaces) and clarified the features of the continuum limit by
means of a systematic asymptotic analysis as well as an accurate numerical analysis based on kinetic thebeyahetppro-
priate reference number density of the vapor molecules (e.g., the saturation number density of the vapor molecules at the temper-
ature of one of the condensed phaseg),the average number density of the noncondensable gas in the gap, and Kn the Knudsen
number with respect to the vapor, namely, the ratio of the mean free path of the vapor molecules in the reference equilibrium
state at rest to the reference length (the width of the gap). According to Aoki et al. [18], Takata et al. [19], Takata and Aoki [20],
and Aoki [21], there are two different situations in the continuum limit, where Kn goes to zero, depending on the amount of the
noncondensable gas contained in the gap, i.e., (i) the cas®,of, = O(1), and (ii) the case 0iZ,/n, = O(Kn). In case (i),
evaporation and condensation stop. However, the vanishing (or nonexisting) evaporation and condensation have an important
effect on the flow field (i.e., the profiles of the temperature, density, and flow velocity) in the continuum limit. This is an example
of the ghost effect first pointed out by Sone et al. [22] and then discussed in Sone et al. [23], Sone [24,25,5], and Bouchut et
al. [26] for single-component systems. In case (ii), a uniform flow of the pure vapor is caused from the evaporating to the con-
densing surface. Becausgv/n, vanishes in the limit, the amount of the noncondensable gas becomes infinitely small compared
with that of the vapor (or the average concentration of the noncondensable gas becomes infinitesimal). However, the trace of the
noncondensable gas still has a significant effect on the vapor flow. This seemingly paradoxical result is due to the fact that the
infinitesimal amount of the noncondensable gas is concentrated in the Knudsen layer with an infinitesimal thickness on the con-
densing surface by the vapor flow, so that its local number density there becomes high enough (comparptieffect the
vapor flow (see Aoki et al. [18]). Thus, the continuum limit is nothing obvious even in such a simple one-dimensional problem.

The continuum limit of type (i) is discussed for the general geometry by Takata and Aoki [27]. That is, the mixture in contact
with arbitrarily shaped boundary at rest, consisting of the condensed phase of the vapor, is considered (the mixture is assumed to
be at rest at infinity in the case of an infinite domain), and the correct fluid-dynamic-type equations and their boundary conditions
for the continuum limit are derived from the Boltzmann equation and its boundary condition for hard-sphere molecules. From
this fluid-dynamic system, the cause of the ghost effect is clarified in the case of the mixture.

The aim of the present study is to clarify the continuum limit of type (ii) for the general geometry. That is, we are going to
carry out a systematic asymptotic analysis for small Knudsen numbers on the basis of kinetic theory to derive an appropriate
fluid-dynamic system that describes the effect of a small amount (or an infinitesimal average concentration) of a noncondensable
gas in the continuum limit. Actually, Aoki et al. [28] performed a Monte Carlo simulation of a two-dimensional vapor flow for
small Knudsen numbers in the case corresponding to type (ii) and found that the small amount of the noncondensable gas
changes the stream lines of the vapor flow significantly from those in the pure vapor case. This result also supports the necessity
of the present study.

2. Formulation of the problem
2.1. Problem

Consider a vapor in contact with an arbitrarily shaped smooth boundary consisting of the condensed phase of the vapor, and
suppose that steady evaporation or condensation of the vapor is taking place on the boundary. For the sake of clarity, we restrict
ourselves to the case of a closed domain (we will discuss the case of an infinite domain in Section 3.6). We investigate the steady
behavior of the vapor for small values of the Knudsen number Kn, especially that in the continuum limit where Kn vanishes,
on the basis of kinetic theory in the case where a small amount of another gas that neither evaporates nor condenses on the
boundary (honcondensable gas) is also contained in the system. To be more specific, the ratio of the average number density of
the noncondensable ga§v to the typical or reference number density of the vapois of the order of Kn {zan/n, = O(Kn)].

There is no external force in the system. For simplicity, we assume the conventional condition for evaporation and condensation
(the so-called complete condensation condition) for the vapor and the diffuse reflection condition for the noncondensable gas
on the boundary [see the sentence below Eqg. (6b)]. In the following, we assign thellabéhte vapor (it will also be called
A-component) and to the noncondensable gas (it will also be calkdomponent).

2.2. Basic equation

We first introduce some reference quantities in addition to the reference number density of the.vdpar the reference
length of the systent is the reference temperatup, is the reference pressure of the vapor definegby kn, T;, wherek
is the Boltzmann constant. Further? is the mass of a molecule afcomponentd¢ = A, B).
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Let us denote the rectangular space coordinatesgythe molecular velocity by2kT, /m*)Y/2¢; [or (2kT, /m™)Y/2¢],
and the velocity distribution function ef-component by:, (2«7, /m?)~3/2F% (« = A, B). Then the Boltzmann equation for
a binary mixture (Kogan [29], Chapman and Cowling [30], Hirschfelder et al. [31]) in the present time-independent problem is
written as

aFY 2 1 g

I3 =——= Y JPFP F*) (@=A.B), (1)
3)(,' ﬁKn B=A.B

JPe(f ) = f (&g — f&8@)]BP (le- VI, 1V) d2(e) d¢s, @)

B nBo
(=t+b@ Ve t=t.-Lre Ve (3a)
i me

nBa o 0

S A (3b)

/‘7 ZC* _C, d Cx =d§*1d§*2d§*3, (30)

»
Kn=—. (3d)

wheree is a unit vectorg is the variable of integration correspondlngz;tde(e) is the solid angle element in the direction
of e, and Bﬁ‘)‘(|e V| |V|) are nonnegative functions ¢# - V| and|V| depending on the molecular model. The domain of
integration in Eq. (2) is the whole space&uf and all directions o€. In Eq. (3d),¢, is the mean free path of a molecule of the
A-component (vapor) when it is in the equilibrium state at rest with molecular number depsibd temperaturg,, and Kn
is the corresponding Knudsen number, which represents the degree of rarefaction of the system. Here and in what follows, the
Greek lettersx and 8 are used to represent the labdlsand B of the components. Since no confusion is expected, the notes
such asx = A, B in Eq. (1) will mostly be omitted below. As in the left-hand side of Eq. (1), the summation convention (i.e.,
ajb; = 21'3:1 a;b;) is used throughout the paper.

It should be noted that the functioB?® also depends on the dimensionless paraméftﬂe‘i‘/kT,, where U,ﬁ"‘ is the
characteristic size of the intermolecular potential for the interaction of a molecule of-tieenponent with a molecule of
the B-component, though it is not shown explicitly in Eq. (2). This fact was pointed out by Sone for the collision term for a
single-component gas (Sone [4,5], Sone and Aoki [32]). When both of the components are hard-spheﬁégﬁanuté, are
given by

~ 1 [dP+d*\2 1
BPY = <7> eV, lp=-—"— 4
4/27r \ 244 | | " V2n(dA)2a, 4

whered” is the diameter of a molecule of taecomponent. The&#% does not depend oﬁrﬁ"‘/kT, in this case.

We now denote the temperature of the boundar;T,@,} its velocity by(ZkTr/mA)l/va, and the saturation pressure of
the vapor at temperatuf® Tw by prp{:‘) Further, since the problem is steadly,n; = 0 is assumed, wherg is the unit vector
normal to the boundary pointing to the gas region. Then the boundary conditions are written as

. 3/2 S0 e A )2
P o 153/2( ) exp<_’"@g7“wl) ) Cing = 0, ®)
b/ Ty
with
~A
A Pw
==, 6a
) T (6a)
~B\ 1/2 _
oB = 4(%) / ¢in; BB o, (6b)
Ty
¢ini<0

where &¢ = d¢q dzp dgs. Eq. (5) witha = A means that the vapor molecules leaving the boundary obey the corresponding
part of the Maxwellian distribution characterized ﬁw Vi » andﬁ{}] (complete condensation condition). On the other hand,

Eq. (5) witha = B means that the noncondensable gas molecules reflected by the boundary obey the corresponding part of the
Maxwellian distribution characterized lﬁv andd,,; and that there is no net mass flow of this component across the boundary
(diffuse reflection).
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Next, we introduce macroscopic variables as the moments of the velocity distribution functions. For each component, we
define its number density, A%, densityn,m4 %, flow velocity (2kT,/mA)1/20;?‘, temperature?, T%, and partial pressure
prp® by

= / P, = / P (= m%a%), (72)
o
R R ey [ )
i 3n
2 ~ ~
5= 2 / (¢ — 0%)2F d¢ (=A2T9). (7c)

Here and in what follows, the domain of integration with respect;tés its whole space, unless otherwise stated. For the
total mixture, the number density.7i, densityn,m? 5, flow velocity (2k 7, /m?)1/2%; , temperaturd; T, and pressure, p are
defined by

ﬁzf 3 A, ,6:/ 3 Pt e, (8a)

B=A,B B=A,B

~ 1 B ~ 2 . PP

v,»=7/:,» Y wfFfd, T=§/<¢;—vi>2 Y wfFfd, (8b)
p B=A,B B=A,B

.2 N g S

p=§f(<;,~—v,~)2 > wPFP & (=aT). (8c)

B=A.B
Thus the macroscopic variables for the total mixture are expressed in terms of those for individual components as follows:

i= Y @ =30 WP pu= Y PP (%)
B=A,B B=A.B B=A.B

. B 2.8 B A2

p= Y [,,ﬂ+§pﬂ(v;3_v,.) ] (9b)
B=A.B

In the literature, the temperatufé" and partial pressurg® of each component are often defined in a different way, i.e.,
by the second equation of Eq. (7b) and Eq. (7c) withbeing replaced by; [the first equation of Eg. (8b)] (e.g., Kogan [29],
Chapman and Cowling [30]). If these definitions are adopted, the pregsofethe total mixture, defined by Eq. (8c), is
expressed by the simple sum g instead of Eq. (9b).

3. Asymptotic analysis for small Knudsen numbers

In this section, we carry out a systematic asymptotic analysis of the boundary-value problem (1) and (5) for small Knudsen
numbers under the situation described in Section 2.1, namely,

nB
Zav _ okn). (10)
ny

The basic guideline of the analysis is the asymptotic theory developed by Sone (Sone [33,34,3-5], Sone and Onishi [1], Onishi
and Sone [2], Aoki and Sone [6], Sone and Aoki [32], Sone et al. [22,35]). In the course of the analysis, we use the small
parametet:

. gKn, (11)

rather than the Knudsen number Kn.
3.1. Hilbert solution

Let us first seek the moderately varying solutid?ﬁ [0 Fg/axi = O(F;‘I)] of the Boltzmann equation (1) in a power series
of e:

Ffp=Fpo+ Fpe+---. (12)
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Correspondingly, the macroscopic variables are expanded as

Gy = o+ hae - tee
hg=hgo+thgie+---, (13b)

whereh denotesi, 4, 9;, T, or p. Here,h% andhy are defined by Egs. (7a)~(7c) and (8a)—(8c) with replaced byF¢,

and the expansion coefficieni$;  andh g, are obtained by substituting the expansions (12)—(13b) into the definitidi{s of
andi gy and by equating the coefficients of the same power. @his solution (or expansion) is called the Hilbert solution (or
expansion). Some examplesidf,  andhy,, are given in Appendix A. If we substitute Eq. (12) into Eg. (1), we obtain the
following sequence of integral equations:

> JP(Fg Frio) =0, (14)
B=A,B
aFY
A o~ ~ N ~ -1 ~
S [P (B Fio) + 37 (Flyo. )] = 6 —mt - 3 S i, ). (15)
B=A,B ! B=A,B n=1

wherem =1,2,..., and Zg =0 whenm =1 in Eq. (15). Eq. (14) is the system of nonlinear integral equations?g:g,
while Eq. (15) is that of inhomogeneous linear integral equations?g%. The series of equations can, in principle, be solved
successively from the lowest order.

The solution of Eq. (14) is given by local equilibrium distributions (Chapman and Cowling [30]), namely, local Maxwellian
distributions with common flow velocity and temperature, which can be expressed as

3/2 SO B, 2
FHO_nHOT—3/2<_> eXp(_m & — vimo) ) (16)
T Tyo

by the use of the leading-order ter,,, v; o, and Tho of the expansions (13a) and (13b) [see Egs. (A.1a), (A.2b), and
(A.2c)]. For this distribution, of course, the flow velocity and the temperature of each component are the same as those of the
total mixture, i.e.,

80 =070 = diro: THo=Tfo=Tro. (7)
To be consistent with Eq. (10), we need to assume that
iBo=0 (ie,Ffjy=0), (18)

because otherwis%\,/n, becomes of @). Then, Eq. (15) witkh = B andm = 1 reduces to
J4%(Fio, Ffj1) =0. (19)

The solution to this equation is given by a local Maxwellian distribution with the same flow velocity and temperaﬁﬁg as
(Cercignani [36]), i.e.,

3/2 B N2
F[-[]_—n[-[]_T F=3/2(m— exp _m (ng Vi H0) )7 (20)
T THo
wherefzfl1 appears because the first equation of Eq. (A.d&a} B8 andm = 1) has been used. Since Eq. (20) also satisfies
JPA(Fii1 Fiio) =0, (21)
Eq. (15) witha = A andm = 1 reduces to
FAA FAA oF, flo
I (Fh Flrg) + 34 (Frro. Fg) = 6 ox; (22)

which is the linear equation foi?\A1 and is of the same form as the corresponding equation in the pure vapor case (Aoki
and Sone [6]). The homogeneous equation of Eqg. (22) has the independent nontrivial sdﬂﬁ}tprgs 170> @nd ;2FA

Therefore, the inhomogeneous term of Eq. (22) should satisfy the following solvability condition in order for the equation to
have a solution:

L c2), L0 8 g (23)
(,c,,zj)qm ¢=0.
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If we substitute Eq. (16) witkk = A into Eq. (23), we obtain

ApA b

PHQYjHO _ 0, (24a)

an
9%, 19p4
~A A iHO HO
- = =0, 24b

PHOYjHO HXj 2 0x; ( )
R 0 (54 R
o (370 o) =0 o
Pivo=PmolHo. (24d)

whereﬁflo = ﬁgo. The set of Eqgs. (24a)—(24d) is the Euler set for an ideal gas. In deriving Egs. (24b) and (24c) from Eqg. (23),
we have used Eg. (24a). Our next task is to derive the appropriate boundary condition for the Euler set. This will be discussed
in the following subsections.

The nonzer(ﬁ},l?l1 does not contradict Eq. (10). However, we can consistently assume that

W8 =0 (ie.,FB =0) m=12..). 25
Hm Hm

That is, the analysis can be carried out consistently with Eq. (25). The reasoning of Eq. (25), which is also related to the
discussions in Sections 3.2-3.4, is given in Appendix B.

3.2. Knudsen-layer correction

So far, we have paid no attention to the boundary condition. In order for the Hilbert solution (16(with) to satisfy the
boundary condition (5) (witeek = A), we have to impose the following conditions on the boundary:
A _ Py 5 =
nH0= A—ﬁ, ViHO = Vwi>» THO=Tw- (26)
Tw

However, these conditions are too many for the Euler set of equations. In other words, we cannot satisfy the boundary condition
(5) only with the Hilbert solution. Therefore, we need to introduce the Knudsen-layer correction. Let us seek the solution in the
form

F*=F% + F2, (@7)
wheref,"é is the Knudsen-layer correction, which is a correction term to the Hilbert solution near the boundary. More precisely,
f% is assumed to have the length scale of variation of the ordefafthe mean free path in the dimensional physical space) in

the direction normal to the boundary, i.ej,afg/axj = O(fl"é/e), and to be appreciable only in the thin layer with thickness
of the order ofe adjacent to the boundary. In order to analyze the Knudsen-layer correction, we introduce the new coordinate
system §, x1, x2) defined by

xi = enni (X1, x2) + Xwi (X1, X2)» (28)

wherex,,; represents the boundany,is the coordinate normal to the boundary stretched py(l;zAz 0 corresponds to the
boundary), ang1 andy are the coordinates on the boundary orthogonal to each other. We cofgiderbe a function of,
X1, andyx2 [aﬁ,og/ar, = O(FI%)], as well asg;, vanishing rapidly ag — co. We assume tha/f]oé is also expanded in a power
series ofe as

F =Fgo+Fgpe+---. (29)

We now substitute Eq. (27) with Eg. (29) into Eq. (1) and take into account the properﬁ%ﬁsm well as the fact thaﬁi‘l is

a solution of Eq. (1). In particular, we us!%go = Fgl =0 [Egs. (18) and (25)] and the following rearranged expansioﬁ;pf
in the Knudsen layer:

A a - aFf
Pl = (Fpoly + | (P + (22 ) e @)
1

wheAre(~);, indicates that the quantity in the parentheies is e\ialuated on the boundary. Then, we obtain the sequence of equations
for F¢, (m=0,1,...). If we introduce the followingFg' and F5:

=4 (PA =A =B _ =
Fg = (Fpo)p + Fxo  Fo = Fxor (1)
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the equations fom = 0 are written as

IFA L~ AR A ap ~

¢in; a;? = JAA (RS, RS + JBA(FEL Y, (32a)
af(])? TAB (A TB BB (B B

gin; o =JAP(FS L Fy) +JPP (Fy  Fy). (32b)

The boundary conditions for Egs. (32a) and (32b) on the boundary are, from Egs. (5), (27) [with Egs. (12) and (29)], and
(31), given by

N . ~a\ 3/2 T R Y
Fg =U$oTw73/2<m—> exp(_m(g/\ivw,)) gini >0, (33)
T Tw
with
ol = ’%—w (34a)
w
~p\ 1/2
mTm ~
0B, = —2< = ) / gini FE &3¢ (34b)
w
&ini <0

On the other hand/E\Ioé vanishes rapidly when going to infinity. Therefore, ag — oo,

~ ~ R ~ 1\3/?2 - — (0 2
g = (Filoh, = (o) (Tro), 727 ) ool ~Egrraonl ), (@50
T (THO)»

) (35h)

Egs. (32a)—(35b) form a half-space boundary-value problem of the spatially one-dimensional Boltzmann equation, which will
be discussed in the next subsection. As we will see, in order for the problem to have a solution, the bounda(ﬁ@@mes

;o) and(T0)p of the Hilbert part contained in Eq. (35a) and the quantifigs i, andﬁé contained in Eq. (33) must
satisfy certain relations. These relations give the essential part of the boundary condition for the Euler set (24a)—(24d).
If we integrate Eq. (32b) with respect ¢p over its whole space and take into account Eq. (35b), we have

P;ixon; =0 for0<u, (36)

where®; ,, denotes the particle flux correspondingi§, (note thatF = F5), i.e.,

Digm = / GFE o (37)

Since we are interested in the behavior in the continuum limit, Egs. (32a)—(35b) play the main role. However, we need a
piece of information from the first-order Knudsen-layer correction. The first-order equation corresponding to Eq. (32b) is given
by

A

IFB . . aF - i~ PR
K1 AB HO A =B AB (DA A 7B
Ci"i—an =J ((FHl)b+ <—ax,- )b”i’?+FK1» FKO) + 7% ((Fo)y + Fko Fx1)
~5 ~5
N ~ ~ - ~ ~ 8X1 BFKO 8X2 BFKO
+ JBB(FE FEo) + JBB(FBo FR —;~[<—> —=+| =) == (38)
( K1 KO) ( KO Kl) J 3Xj b ax1 3Xj b dx2

If we integrate this equation with respectgoover its whole space and use Eq. (36), we have

d d (1)
—[Pig1nil+ x1,17—[Piko;
an ax1

0 2
]+ Xz,za—xz[¢;1<ot,~( )

1 2
]+ g2®ix0r” — g1® k01> =O0. (39)

(

1) 2) . . . . . . . . .
;7 and#~ are, respectively, unit tangential vectors to the boundary in the direction of increasiagd x» taken in

@

1

Ix1\ (v X2\ .2
=22 Y, =22 9, 40
X1,1 (axj )b i X2,2 ax; ), (40)

Here,t

such a way tha1tl.(l), =", andn; form a right-hand systeny 1 and 2 » are defined by
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and g1 and g» are, respectively, the geodesic curvatures (Kreyszig [37]) (in the dimensionlegmce) of thex; and o
coordinate lines on the boundary (see Sone et al. [35] for the details). Eq. (39) is the continuity equatiorBj\oomponent
in the Knudsen layer. Because of the diffuse reflection condition (5) @vithB) and (6b), the conditiorf gn; FB e =0,

i.e.,f;,-n,»(Fgm + F}gm) d3c =0, is always satisfied on the boundary. Therefore, it follows from Eq. (25)hay,n; = 0 at
n = 0. The same relations also holdat co becauseme — 0 asn — oo. If we make use ofb; g 1n; = 0 atn = 0 andoo,
the integration of Eq. (39) with respect#fdrom n = 0 to co yields

0 1 0 2 1 2
X1,18—Xl(/viot,»( ) +X2,28—X2(Jviot,»( )+ goNiorP — g1Vt =0, (41)

where
o0

o0
Kio= [ @ixotn= [ ( JEG; d3<§>dn- 42)
0 0

(Note thatF B, = F%.) Incidentally,;on; = 0 because of Eq. (36).
In the two-dimensional case, we may assume the physical quantities to be indepenggerfafsimplicity, let us denote
x1 by x andtl.(l) by 7;. Then, becausg; = g» = 0 in this case, it follows from Eq. (41) that

Niot; = const (43)

As we will see, Eq. (41) or (43) (in the two-dimensional case) is a part of the boundary condition for the Euler set, Egs. (24a)—
(24d), on the condensing surface. g R
For convenience of the later use, we introduce the followmgndj\/'l.’gz

o0 o0
I = /(/ F(fd3§)dn=/ﬁgdn, (44)

0 0
o0 o0

M = / [ / (& — i) FE d3§]d17= / [@x0 — 85, dn = Rig — b T (45)
0 0

where
Al = / FE o, (46)

andnrﬁg is the molecular number density of the noncondensable gas in the Knudsen layer. The
1/2 1/2
b ~ b3 2kT, b 2kT,
%nrér[’, %mBnr< mAr) Zr./v,'o and %mB"V <m—Ar) £y ;(()

are, respectively, the total number, total momentum, and total momentum based on the velocity relative to the boundary of the
B-molecules, contained in the Knudsen layer per unit area on the boundary.

3.3. Half-space problem of evaporation or condensation

The boundary-value problem for the Knudsen-layer correction, consisting of Egs. (32a) and (32b) and boundary conditions
(33)—(35b), is equivalent to the following half-space problem of (strong) evaporation or condensation.

Consider a half spac&q > 0 filled with the vapor 4-component), bounded by an infinite plane condensed phase of
the vapor located aX; = 0 and at rest, wheréX 1, X», X3) is a system of rectangular space coordinates. The condensed
phase is kept at temperatufg, and the saturation vapor pressure at temperafuiie denoted bypf. At infinity, there is a
uniform equilibrium flow of the vapor with pressur%‘o, temperaturd,, and flow velocity(v1o, V200, 0) (V250 = 0). On the
condensed phase, steady evaporatigR,(> 0) or condensationvf, < 0) is taking place. The noncondensable gasoém-
ponent) may be present near the condensed phase. Investigate the steady behavior of the vapor and the noncondensable gas
under the complete condensation condition for the vapor and the diffuse reflection condition for the noncondensable gas on the
condensed phase.

In fact, the basic equation and the boundary condition for this problem are given by Egs. (32a)—(35b) if we take into account
the following correspondence between the parameters and variables of the problem and those in Egs. (32@)—;(355)50,
PR, V100, V200, @aNdX1 correspond to
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1/2
_ A _ A 2k T, .
T:Tw. prby. Tr(Tuos.  pr(Pho)y 3 DjH0)bN
AT\ Y2, . . JT
Ar |0 HO)b — Dwi — (DjHO)pnjni| and £y,
m 2

respectively, and the direction of the positi¥g axis corresponds to that of .

First we consider the case where evaporation is taking plagg ¢ 0). In this case, being blown away by the evaporating
vapor flow, the noncondensable gas cannot stay near the condensed phase or in the Knudsen Iaye}A?GBrarﬁelyhis fact,
which is intuitively obvious and is supported by some numerical results (the transition process in which the noncondensable
gas initially occupying the half space is swept away by the evaporating vapor is investigated numerically in Doi et al. [38]),
can be shown rigorously (Taguchi et al. [39]) for the Boltzmann equation for the Maxwellian molecules, as well as for
the model equations based on the Maxwellian molecules, such as the model proposed by Garz6 et al. [40]. Therefore, the
problem is reduced to that of an evaporating flow of the pure vapor, which has been investigated by many authors (Kogan and
Makashev [41], Murakami and Oshima [42], Ytrehus [43], Sone [44,45], Sone and Sugimoto [46], Aoki et al. [47], Sone et
al. [48], Bobylev et al. [49]). There is a steady solution to the half-space problem only when the paramqbérsToo, pé‘o,
V100, @nduo, satisfy the following relations (Sone and Sugimoto [46]).

MIZO» Mngl;

A
T (47)
B2 =M. 2= ha(My),
Ps s
where
Sk Too \ ~ /2 Bk Tno \ ~1/2
M; =U200<ﬁ> s My =Uloo(ﬁ> . (48)

The M; and M,, are, respectively, the Mach number at infinity based on the tangential flow speed and that based on the normal
flow speed. The functions, (M) andho(M,) are obtained accurately by means of a numerical analysis of the BGK model
(Bhatnagar et al. [50], Welander [51], and Kogan [52]) of the Boltzmann equation in Sone and Sugimoto [46]. The numerical
values of these functions are given in Table 1. The analytical form of these functions,fex 1 was obtained by Sone [44]
(see also Sone [45,5] and Sone and Aoki [32]).

The case where the condensation is taking plagg, (< 0) is studied in Sone et al. [53] and Aoki and Doi [54]. In Sone et
al. [53], by considering the case where the molecule of the noncondensable gas is mechanically identical with that of the vapor,
the problem is successfully decomposed into two problems, one for the total mixture and the other for the noncondensable
gas. The former problem is the same as the half-space problem of condensation for a pure vapor, which has extensively
been investigated in the literature (Kogan and Makashev [41], Sone [44,45], Sone et al. [55], Aoki et al. [56,47], Kogan and
Abramov [57], Kryukov [58], Sone et al. [59,48], Bobylev et al. [49]). For example, the condition that allows a steady solution
has been clarified in a series of analytical and numerical studies (Sone [44,45], Sone et al. [55], Aoki et al. [56,47], Sone et
al. [59]) (see also Sone [4,5]). Therefore, the above decomposition enables us to exploit the comprehensive results for the pure-
vapor case obtained so far. Furthermore, this approach not only reduces the necessary amount of computation drastically, but
also gives the clear understanding of the basic structure of the solution. In Sone et al. [53] and Aoki and Doi [54], the study is
concentrated on the case where the vapor is condensing perpendicugly=(0). Recently, the same analysis was extended
to the general case where the vapor is condensing at incidepge# 0) (Taguchi et al. [39,60]). According to this result,

Table 1
The functionshq(M,) andha(M,,)
My h ha M, hy ha M, hy ha

0.0000 1.0000 1.0000 0.4000 0.4900 0.8470 0.8000 0.2695 0.7088
0.04999 0.9083 0.9798 0.4400 0.4593 0.8326 0.8400 0.2553 0.6956
0.07998 0.8582 0.9679 0.4800 0.4310 0.8184 0.8800 0.2420 0.6824
0.1200 0.7966 0.9521 0.5200 0.4050 0.8043 0.9200 0.2297 0.6693
0.1600 0.7404 0.9365 0.5600 0.3809 0.7904 0.9600 0.2182 0.6563
0.2000 0.6891 0.9212 0.6000 0.3586 0.7765 0.9700 0.2155 0.6530
0.2400 0.6421 0.9060 0.6400 0.3380 0.7628 0.9800 0.2128 0.6498
0.2800 0.5991 0.8910 0.6800 0.3189 0.7492 0.9900 0.2101 0.6466
0.3200 0.5596 0.8761 0.7200 0.3012 0.7356 1.0000 0.2075 0.6434

0.3600 0.5233 0.8615 0.7600 0.2848 0.7222
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under the above condition that the molecules of the two components are identical, the solution to the half-space problem exists
only when the paramete, p2, Too, P, V100, aNdvo, satisfy the following relation.

Péa T
_A=-7:s |Mn|,Mt,T_7F (|Mn|<1), (49a)

Ps w

péa T
_A>‘7:b |Mn|,Mt,T—,F (|Mn|>1), (49b)

Ps w

where
00
2 NB B / B

=, N” = | n”dX1. 50
ﬁnéozoo 2 1 (50)

Here,M; andM,, are defined by Eq. (48)A/,| is the Mach number based on the normal flow speed at infimigy);: p‘o“o/kToo
is the number density of the vapor molecules at infinity; is the mean free path of the vapor molecules in the equilibrium
state at rest with number dens'rt)?0 and temperatur@..; n? is the molecular number density of the noncondensable gas; and
N8 is the total number of the noncondensable-gas molecules contained in the semi-infinite colusn)(with the base of
unit area standing perpendicularly on the condensed phasd. Tha parameter to be specified and is a measure of the amount
of the noncondensable gas contained in the half space.

The functionsF; and 7}, are, respectively, monotonically increasing and decreasing functiong,in For 0< I < Igy,
where Iy is a critical value depending o,/ Ty and My, the 7 and F, meet aiM, | =1, i.e.,. Fs(1-, M;, Too/ T, ') =
Fp(14, My, T/ Ty, ). In this case, Egs. (49a) and (49b) should be supplemented by

péo T
—A>fs<1_,Mt,T—,r>, (IMn| =1). (51)
Ps w
For I" > I'gr, the Fy and Fy, increase infinitely agM,, | — ¢ (<1) and|M;,| — ¢, (>1), respectively, where; andc;, depend
on My, Teo/ Ty, andI", andcg = ¢, = 1 whenI” = I'cr. The functionsF; and F, were constructed numerically in Sone et
al. [53], Aoki and Doi [54], Taguchi et al. [39,60], where the numerical data of the corresponding functions for the pure-vapor
case (Sone et al. [55], Aoki et al. [56,47]), obtained by using the BGK model, were exploited, and additional computations were
carried out by the use of the model Boltzmann equation for a mixture proposed by Garzé et al. [40]. (It should be noted that
the I'-dependence aF; andF; is obtained explicitly.) As an exampl&; and.F;, are shown in Figs. 1 and 2, respectively, as
the functions of M,, | for severall" and forM; = 1 and 3 in the case &/ Ty = 1 (see Taguchi et al. [39,60] for the details).
The numerical results in Taguchi et al. [39,60] show that the dependengg aid 7, on M; and T/ Ty, is weak, as in the
pure vapor casel{ = 0) (Aoki et al. [47]). Some data obtained by a DSMC computation for hard-sphere gases indicate that a
relation of the same form as Eq. (49a) holds in the general case where the molecules of the two components are different (i.e.,
different masses and diameters) (see Taguchi et al. [39]).

The numerical results by Taguchi et al. [39,60] show that in this half-space problem of condensation, a macroscopic flow
of the noncondensable gas is caused along the condensed phase in the Fesiinextion wherw,,, > 0, but it is not when
V250 = 0. That is, the direction of the flow of the noncondensable gas along the condensed phase is the same as the direction of
the component of the flow velocity of the vapor parallel to the condensed phase at infinitysLle¢ the particle flow of the

20— T T 20
Kot =1 Wb 1
10F . 10F .
0 L L L L 1 L L L 1 0 _
0 0 1 0 0. 1
0 |M,| ° | M|

(@) (b)

Fig. 1. Fs(IMy|, My, To/ Ty, I') versus|M,| for various values of"" in the casel’~ /Ty = 1. (a) M; = 1, (b) M; = 3. The dashed line
indicates the asymptotéM, | = cs) of the curve forl™ > I'cr. The values off ¢y are 0.080878X; = 1) and 0.058957M; = 3).
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Fig. 2. Fp(|Mp|, M, Too/ T, I') versus|M,,| for various values of”" in the casels /Ty = 1. (@) M; = 1, (b) M; = 3. The dashed line
indicates the asymptotéM,, | = ¢;) of the curvel” > I'cr. The values of ¢ are the same as those for the correspondifagn Fig. 1.
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Fig. 3.G(|My|, My, Too/ Tyy) versusM; for |M,| =0.1 andTeo/ Ty = 1.

noncondensable gas in the positi¥g direction per unit time and unit width iX3 andJ\A/'f be its dimensionless counterpart
defined by

2 hTo \ L/271
.//\7f=ﬁ|iné‘oéoo<7> ] Nt. (52)

Note thath/\/f is the total momentum of th&-molecules contained in the column used in the definitiovéf [see the
sentence below Eq. (50)]. Sin&é,«- is determined by a solution of the half-space problem, its dependence of the parameters is
given as follows.

—~ T
Nszs<|Mn|;Mt7T;.o»F) (|Mn|<1); (53a)
w
e Too péo
Nfzcb |Mn|,Mt,—,—A,F (|Mn|>1), (53b)
’ Tw  p§

whereGy =G, =0atM, =0 because/\Aff vanishes whenoy, = 0. The functionsG; and G, obtained numerically are
given in Taguchi et al. [39,60]. To be more preci€g, has been obtained in a restricted manner because it is a function of five
variables. On the other han@, turns out to be of the form

T
Gs =rg<|Mn|,Mt, i">, (54)
Tw

in the case where the molecules of the two components are mechanically the same. The furmged on the model
Boltzmann equation by Garzé et al., which was found to be almost independ@ baAnd T / Ty , is shown for| M, | = 0.1
andT~ /Ty =1 in Fig. 3.
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3.4. Boundary condition for the Euler equations

The relations (47), (49a), and (49b) [and (51)] given in Section 3.3 essentially provide the boundary condition for the Euler
set, Egs. (24a)—(24d). One only needs to rewrite them by the use of the variables in Section 3.1. First, netintBgt (50)
corresponds ta,fzg , we obtain the following relation betwedn andI" [Eq. (44)]:

o
S [ ([ )=
r=—— Fy d°¢ Jdp=———T, (55)
- 0 -
(Aho)bls 5 (A o)bls
where, ¢, is the mean free path of the vapor molecules in the equilibrium state at rest with number den%ﬁy))h and
temperaturen(fyo)h. SinceTl” does not depend on the local state of the vapor [suoﬂﬁ’ég)h and{y], it is preferable to

usel rather than" as a quantity related to the amount of the noncondensable gas in the Knudsen layer. Then, the boundary
conditions can be summarized in the following form: the conditions on the evaporating surface Wyhere, are

Mt=07 Mngl,

(ﬁ]f}lo)h

o — = h1(Mp),
P "

T, (56)
(g—‘))” — ho(My),

w

and those on the condensing surface, whidye< 0, are

(Paob 7) ¢ ~
’3—2=ﬂ(|Mn|,Mt,( ﬁo%%F) (1M < 1), (57a)
Pw Ty (nHo)béb
(Pl (Tho) 6~
100 7y (a1 e, O, ) (i > 3), (57b)
Pw Ty (Agesls
Here,
A \—1/2 .
My =/6/5(Tgo), / @jHO)HN s (58a)
A \=1/2) . .
M; =/6/5(THo), / |Di HO)b — Duwi — (DjHO)pN jni - (58b)
Egs. (57a) and (57b) are supplemented by
AA o~
T, Y4 ~
(pf’jf)” >fs<17,Mt,(E—°)”,AA—’F) (IMy] = 1), (59)
Pw Ty (sl

when ™ < (i 0)ptt; Ter.

In the case of a pure vapor (or in the casé’of 0), Eqs. (56)—(57h), and (59) are known to be consistent boundary conditions
(Aoki and Sone [6], Sone [4,5]). In the spatially one-dimensional case, such as the two-surface problem of evaporation and
condensation]” is a constant that can be specified (see Aoki et al. [18] and Aoki [21]), and therefore the situation is essentially
the same as that in the pure vapor case. However, in the general gedﬁqstrwt a constant but a function gf andy», as is
seen from Eq. (44). In other wordE, varies along the boundary. Therefore, an additional relation is required as the boundary
condition on the condensing surface. This relation is provided by Eq. (41) [or Eq. (43) for the two-dimensional case], i.e.,

0 0 , ~ ~ -~
11— (Niot™®) + x2.2=— (Niot?) + g2Niot Y — g1.Ni01!? =0, (60)
aXl L 8)(2 L L L
if we have the relation betweeﬁio andr. R R
Here, let us note the following correspondence betwk{@[Eq. (45)] ande- [Eq. (52)]:

JT (2T \Y? VT 4 (2T \Y2
Using Egs. (53a) and (53b) and taking into account the statement above Eq. (52), we can write

o A 12 (Tro) o o~

Nio=tui I + 2 (%), (Tro)y Gs<|Mn|,Mt, EOb,%—’r)ai (IMn] < 1), (62a)
Ly Ty (”H())bgh

= ~A

-~ o~ Ly, ~ \1/2 Tuo)p (PEb 14 ~

Nio=tui I+ -2 (i0) (Tro), Gb(|Mn|,M,, HO% THOD T Fla; (1Ml >1), (62b)
& Tw Pw (nHO)be



K. Aoki et al. / European Journal of Mechanics B/Fluids 22 (2003) 51-71 63

whereg; is a unit vector defined by
_ Dig0)p — Ywi — D;go)pn jn;
|(Di HO)b — Dwi — (DjHO)pM 1|

(63)

Egs. (62a) and (62b) give the relation betwe@m and " mentioned above and thus complete the boundary condition.

To summarize, the boundary conditions for the Euler set, Egs. (24a)—-(24d) are, given by Eq. (56) on the evaporating surface
and Egs. (57a) and (57b) [and (59)] with Egs. (60), (62a), and (62b) on the condensing surface. It should be noted that this
system determines; g0, THO, ande0 together withI™, which is a function of the position on the boundary and specifies
in what manner the noncondensable gas is distributed along the boundary. Of course, we need to specify a quantity, such as
nav/n, [=O(Kn)], related to the amount of the noncondensable gas in order to have a solution of the Euler system. This imposes
a constraint on”". However, a specified value ag\,/n, does not necessarily guarantee a unique solution, as is obvious from
the physical point of view. That is, we may obtain a different solution in which the same amount of the noncondensable gas is
present in a different part of the boundary. The uniqueness and nonuniqueness of the solution highly depend on the geometry
of the problem under consideration. Therefore, the Euler system should be applied with careful consideration based on physical
intuition.

Apart from the problem of nonuniqueness mentioned above, the application of the boundary conditions is straightforward if
we know on which part of the boundary evaporation will take place and on which part condensation will take place. Such an
example will be given in the next section. But, when we do not know it beforehand, a sort of iteration is necessary in the process
of analysis or numerical analysis.

3.5. Continuum limit

Now let us discuss the continuum limit whese(or Kn) goes to zero. In this limit, the thickness of the Knudsen layer
vanishes, and the velocity distribution function of each component reduces to the Ieading -order term of the Hilbert expansion
except on the boundary, i FA FA0 and 7B - 0. ThenH0 (= pHO) v; g0, and THo occurring inF 0 [Eqg. (16)] are
determined by the Euler set, Egs. (24a)—(24d), and the boundary conditions, Egs. (56), (57a), (57b), [(59)], (60), (62a), and
(62b). On the other hand, it follows from Eq. (10) th@/n, — 0 in this limit. In other words, the average concentration of
the noncondensable gas over the whole domain becomes infinitely small. (This is consistétft witlD.) Therefore, it would
seem that the effect of the noncondensable gas disappears in this limit. However, if we look at the boundary condition on the
condensing surface, Egs. (57a), (57b), and (59), then we notice that it depefdsaiich is related to the noncondensable
gas and is of the order of unity, independent oT his means that in the continuum limit, the overall vapor flow is still affected
by the noncondensable gas through the boundary condition on the condensing surface, in spite of the fact that the average
concentration of the noncondensable gas is infinitesimal.

The physical picture of this situation is as follows. Being blown by the overwhelming vapor flow, the noncondensable gas
of an infinitesimal concentration accumulates in a thickless Knudsen layer on the condensing surface, where its local number
density becomes comparable to that of the vapor, and has a significant effect on the condensing vapor flow. This fact was pointed
out by Aoki et al. [18] for the simple two-surface problem, i.e., a vapor flow caused by evaporation and condensation in the
gap between two parallel plane condensed phases. In connection with the two-surface problem, it should be mentioned that an
interesting experiment to measure the temperature distribution between the two condensed phases was performed by Shankar
and Deshpande [61,62]. Their aim was to perform the measurement in a pure vapor flow, but the effect of the impuirity, i.e., the
presence of a small amount of the noncondensable gas, is also discussed in Shankar and Deshpande [62].

3.6. Case of an infinite domain

In this subsection, we give a short comment on the case of an infinite domain. As is seen from the course of analysis, the
results obtained in Sections 3.1-3.5 are also valid in the case of an infinite domain, more precisely, in the case where there
is a flow of the vapor in an infinite domain, and the noncondensable gas is confined in the Knudsen layer on (a part of) the
boundary where condensation is taking place. That is, the vapor flow in this situation is described by the Euler set (24a)—(24d)
and the boundary conditions (56) on the evaporating surface and (57a) and (57b) [and (59)] with (60), (62a), and (62b) on the
condensing surface, supplemented by the boundary condition at infinity. Only the differencenig,thas no more sense,
so that the amount of the noncondensable gas should be specified in a different way. For example, let us suppose that the
noncondensable gas is present only in the part S with a finite area of the boundary. Then, we can obtain such a solution of
the Euler system by specifying the total number of the noncondensable gas molecules? sayfact, it is related ta” as
MB = (ﬁ/Z)n,E,LZfSFda, where @ is a surface element on the boundary in the dimensioniespace, and this gives a

constraint on/". However, as in the case of a closed domain, a specified valEPofloes not guarantee a unique solution. In
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the continuum limit, the average concentration of the noncondensable gas becomes infinitesimal in a subdomain with the extent
of L that contains the part S of the boundary.

4. Application

In this section we give an application of the Euler set of equations and their boundary conditions derived in the previous
section. The problem that we are going to investigate is as follows.
Consider a vaporA-component) in a gap between two condensed phases at rest, one is of sinusoidal shape located at
X1 =AcogrXy/L), and the other is a plane located’t = L, whereX; is a (dimensional) coordinate system (Fig. 4). Let
the temperature of the sinusoidal condensed phagg dned that of the plane one i@, and let the saturation vapor pressure at
temperaturel] be p; and that at temperatut®, be p);. A small amount of a noncondensable g&sqomponent) is contained
in the gap, as specified below. L:efv denote the average molecular number density of the noncondensable gas over the gap.
We investigate the steady flow of the vapor caused by evaporation and condensation on the condensed phases and the effect of
the noncondensable gas on the vapor flow when the Knudsen number Kn (with respect to the vapor) going to zero (continuum
limit).
Here, we takelL as the reference length af, p;, andn| = p|/kTj as the reference quantitie®.(= Tj, p» = p|, and
n, = ny). The problem is characterized by the following dimensionless parameters:
B
ﬂ, . é, anz_’, =\ (64)
Ti p L L n
where¢, is the mean free path of the molecules of the vapor when it is in the equilibrium state at rest with temgratare
pressurep;. To be consistent with Eq. (10), we put

nB
& — AKn, (65)
n
and specifyA rather tham2,/n).
We assume that the flow field is periodic (with periat))2n the X, direction and is symmetric with respect to tkig axis.
Therefore, we may consider the problem in the closed domain

Acos(”TXZ><X1<L, 0< X2 <L, (66)
imposing the specular reflection condition &p = 0 andL.

Now let us apply the Euler set of equations and its boundary conditions to the present problem. We consider the case where
evaporation of the vapor is taking place on the plane condensed phase and condensation on the sinusoidal condensed phase.
In this two-dimensional problem, Eq. (43) holds along the latter condensed phas@}(ﬁpt: OatXp,=0andL (orxo=0
and 1) because of the specularly reflecting boundary. There@(ﬁi = 0 holds identically. It follows from Eqgs. (62a) and
(62b) (with v,,; = 0) and the property o0& and G, that M; = 0 on the condensing surface fif # 0 there. Let us restrict
ourselves to the case wheil,, | < 1. Then the boundary condition for the Euler set (24a)—(24d) is Eq. (56), i.e.,

. Pl = Tj
Mi=0. (Fjio)y, ="M (ol = 7-ha(Ma). (67)

vapor
T[ T+ Tl !
noncondensable gas
I Yas

NIRZ Ly, X,

Fig. 4. Vapor between a plane and a sinusoidal condensed phase in the presence of a noncondensable gas.
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on the plane condensed phase € 1; note thatﬁ{}; = pi/p1 andTy, = Ty / T; there) and Eq. (57a) with/; =0, i.e.,

~ ~ V4 ~
(P?[o)b =Fs (IMnl, 0. (THO)b: Airr> (68)
(nyo)nls

on the sinusoidal condensed phasg= (A/L) cogmx2); note thatﬁlﬁ =Ty=1 there]. It should be noted that can be zero
in a certain part of the sinusoidal condensed phase, where we should use

(ﬁ?IO)b=‘7_—~Y(|Mn|’Mt’(?H0)h70), (69)

no restriction being imposed om;. These boundary conditions are supplemented by the conditigip = 0, which
corresponds to the specular reflection condition,xgri= 0 and 1. Finally we need the relation betweanand I", which
is, as described below, given by

JT [ ~
A:T/Fds, (70)

where d is the line element along the sinusoidal boundary in the dimensionlessplane, and the range of integration

is from xo = 0 to 1. This relation is obtained by noting tk(aVﬁ/Z)n,ZrF is the total number of the noncondensable gas

in the Knudsen layer per unit area of the boundary [see Eg. (44) and the sentence following Eq. (46)] and that its total
number in the entire domain per unit width kg, i.e.,ng\,Lz, is therefore given by\/7/2)n,¢, L jfds. The ratiot, /¢
occurring in Eg. (68) depends on the molecular model; for exanipje,, = (ﬁgo)b for hard-sphere molecules [cf. Eq. (4)],

ande, /¢, = (ﬁHO)b/(THO)i/Z for the BGK model.

We solve this boundary-value problem for the Euler set of equations numerically. The restil=f@ (pure vapor case)
and 2 is shown in Figs. 5-9 in the cag¢L = 0.2, T, /T = 1, andp; /p| = 2. Letv;, n, and T denote, respectively, the
(dimensional) flow velocity, molecular number density, and temperature of the vapor corresponﬁtigg,téj}lo, and THO,
namely, d; ;1o = v; /(2T /m™) Y2, 44 = n/n|, and Ty = T/Tj. Fig. 5 shows the stream lines of, Fig. 6 the isolines of
the flow speedv; |, Fig. 7 those of the number density and Fig. 8 those of the temperatufe Fig. 9, where the result for
A =4 is also included, shows the distribution]ﬁfalong the sinusoidal condensed phase. Here, we have assumed that the vapor
molecules are mechanically identical with the noncondensable-gas molecules and used the numerical data of thé:functions
andho based on the BGK model (Table 1) and those of the funcfipibased on the model Boltzmann equation by Garzo et
al., which is consistent with the BGK model for a single component case (see Fig. 1 for some exardlpsToerefore, we

have used the relatiofy /¢, = (ﬁgo)b/(/T\Ho),%/z in Eq. (68). If the explicit form of the boundary is used, Eq. (70) becomes
1 2
A= g / F\/1+ (%) sir?(7rxp) dxp, (71)
0

where[" is considered to be a function .

Figs. 5-8 show the leading-order flow field of the vapor for small Kn, which is at the same time the flow field in the
continuum limit, Kn— 0. In this limit, the average concentration of the noncondensable gas becomes infinitesimal because of
Eq. (65). However, the flow properties still depend@nwhich is the trace of the noncondensable gas. In fact, the stream lines

1 T T T T T T T T

T =

= 0.5

n I n 1 n n n n n I n 1 I n n
0 0.5 1 0 0.5 1
Xy/L Xi/L

(@ (b)

Fig. 5. Stream lines. (a) pure vapat & 0), (b) A = 2. The stream lines in the pure vapor case (a) are also shown by dashed lines in (b) for
comparison.
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Fig. 7. Isolines of the number density (a) pure vapor4 =0),n/n| = 1.522+ 0.0006n (m =0, ..., 11); (b)A=2,n/n) = 1.64+ 0.0025n
(m=0,...,11).
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Fig. 8. Isolines of the temperatut® (a) pure vapor 4 =0), T/T} = 0.9254+ 0.0004n (m =0, ...,6); (b) A =2,T/Ti =0.943+ 0.001mn
(m=0,...,10).

and isolines forA = 2 are distinct from those for the pure vapor flowr £ 0). In the former case, the stream lines enter the
sinusoidal condensed phase perpendicularly because of the condition (68Y; i=eQ, whereas in the latter case, they enter

the same condensed phase obliquely because of Eq. (69), which is the condition there in the pure vapor case. The patterns of
the stream lines and isolines far= 4, which are not shown in the figures, are quite similar to thoseifer 2, but the values

indicated by the corresponding isolines are different. In this way, an infinitesimal average concentration (or the trace) of the
noncondensable gas has a dramatic effect on the overall vapor flow.
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Fig. 9. Distribution of/” along the sinusoidal condensed phase.

A direct numerical simulation, based on the original Boltzmann system, of the same problem has been carried out for
relatively small Kn by Aoki et al. [28], where both components are assumed to be hard-sphere gases, and the direct simulation
Monte Carlo (DSMC) method (Bird [63,64]) is employed as the solution technique. Although it is hard to draw a definite
conclusion about the behavior in the continuum limit from the DSMC computation, the result is consistent with the present
result; in fact, it gave a proper guideline for the asymptotic analysis in Section 3. The difficulty in the simulation for small Kn
in the problem arises from the fact that, as Kn becomes small, the noncondensable gas is localized inside the Knudsen layer,
the thickness of which becomes small as well. Since the overall flow field is affected by the localized noncondensable gas, its
accurate description is required. For this purpose, we need a very fine cell near the condensing surface with a sufficient number
of simulation particles for the noncondensable gas. This makes the size of the simulation system very large. This fact confirms
the usefulness of the fluid-dynamic description based on the Euler set and its boundary condition.

5. Concluding remarks

In the present paper, we have investigated, on the basis of kinetic theory, steady flows of a vapor with evaporation and
condensation on the boundary, consisting of the condensed phase of the vapor, in the presence of a noncondensable gas under the
condition that the Knudsen number with respect to the vapor is small and that the average concentration of the noncondensable
gas is also small and is of the order of the Knudsen number (see Section 2.1). The conventional boundary condition (complete
condensation condition) for the vapor and the diffuse reflection condition for the noncondensable gas were employed as the
boundary condition on the boundary. After the formulation of the problem in Section 2, a systematic asymptotic analysis for
small Knudsen numbers was carried out in Section 3, where the fluid-dynamic equations (the Euler set of equations) for the
vapor and their appropriate boundary conditions on the boundary were derived for the leading-order (or zeroth-order) terms
in the Knudsen number. In deriving the boundary conditions, the previously known results for half-space problems have been
exploited. On the basis of this system, we discussed the behavior of the continuum limit, i.e., the limit where the Knudsen
number vanishes, in Section 3.5. There, it was shown that an infinitesimal average concentration of the nhoncondensable gas
may have a significant effect on the overall vapor flow. An example demonstrating such an effect was given in Section 4.

The Euler set of equations and its boundary condition presented here give a clear understanding of the behavior of the vapor
and the noncondensable gas in the near continuum regime as well as in the continuum limit. For example, the distribution of
the noncondensable gas (or its trace), which is confined in the very thin (or infinitely thin) Knudsen layer, along the condensing
surface is determined through the boundary condition there. The Euler system is also useful in practical applications because
the direct numerical computation based on the kinetic system for this type of problem is rather hard in general. For the moment,
the available numerical boundary condition on the condensing surface has some limitations. More specifically, the numerical
values of the functionsF, F,, G, and Gy occurring in the boundary condition are available only for a model Boltzmann
equation and in a special case where the molecule of the vapor and that of the noncondensable gas are mechanically identical.
But the qualitative structure of the boundary condition is most likely to be the same in the general case. The extension and
enrichment of the numerical data for these functions would upgrade the applicability of the fluid-dynamic system.
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Appendix A. Hilbert expansion of the macroscopic quantities

In this appendix, we give some of the expressions of the coeffickptsandh g, in terms ofﬁg‘lm

A% /FHm B, pL, —A%A%  (m=0,1.... (Ala)
0= 72— / P, (A.1b)
5o _sa Fa 2o [ sa V270 3 (A.1c)
PHO="H0THO= 3™ (& = 00) Friod™¢, :
. 3 Hl
U= 73 /Cszld o~ Ui Ho- (A.1d)
"Ho
A JUVIPN JUVIPN 2
Prr="goTn+ A1 THo = gma/(f 8%410) Fiag &, (A.le)
Agm= ) Al PHm = > A (m=0,1,..), (A.2a)
ﬂ:A B B=A.B
”lHO_ Z 'OHOUIHO’ (A.2b)
0p=a.8
. . . 2.8 » L \2
pHo=ngoTHo = Z [pZ0+§pgo(foo_viHO) i|, (A.2¢c)
B=A.B
. 1 B B B B PH1 »
UiH1= = O grq + 00 —=0;Ho0> (A.2d)
iH1 bro ﬂ:XA:B( HOViH1 T PH1 ,Ho) bHo iHO
Pr1=AroTa1+Ag1Tho
. 2[ B /x N2 aaB . . .
= X {plﬁll+§|:pfll(vzﬁH0_viH0) +2p€10(v;5H0_viHO)(vzﬁHl_viHl)]}’ (A-2¢)
B=A.B
Here, THO’ Tl‘jl, THO, and/T\Hl are defined by Egs. (A.1c), (A.1le), (A.2c), and (A.2e), respectively.

Appendix B. Reasoning of assumption (25)

Suppose that the leading-order vapor flgyw g has been established. From Egs. (18) and (A.dd} (8) multiplied bynHO,
the first-order particle flux of the noncondensable gaﬁ@;mo =[¢ FH1d3§ which turns out to be equal #®? 1v,H0 if
Eqg. (20) is used. Let us suppose tﬁg}l is not identically zero. Then, we hawé* 70 = Vim0 in the region whera 2 170
(note that the leading-order flow velociffHo is determined through the first-order velocity distribution funct}iﬁl). This

corresponds to the physical situation that a small amount of the noncondensab%ga)sis carried by the leading-order
vapor flow @; go). If we integrate Eq. (15) witlk = B andm = 2 over the whole space @f, we obtain

aFB
/Cj —HAL B3¢ =0, (B.1)
an
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because/#¢ does not contribute to this integration. [Eq. (B.1) is a part of the solvability condition for the equatioﬁgicir
Egs. (20) and (B.1) give the continuity equation

anB .o,
H1VjHO -0 (B.2)
3x~/

Because of Eq. (24a), we can transform Eq. (B.2) into

~B
0 n
bjro—( L) =0, (83)
J Ox ; ﬁA

J NYHO

which means that? /A4, = const along a stream line. Therefore i, , vanishes at a point on a stream line, thidh, =0
holds on the entire stream line.

A stream line of the leading-order vapor flolyy either (i) starts from the evaporating surface or (ii) forms a closed
loop in the case of a closed domain. Let us consider the case (i). Since we have not assun?ngq thaé (or Fgl =0)

in the present discussion, tlﬁ,‘?l in the right-hand side of Eq. (38) should be replaced(Eﬁl);, + f}?l. However, this
replacement does not affect Eq. (39). Let us recall that, on t/rle evaporating surfaceyhgre> 0, the Knudsen layer in the
leading order does not contain the noncondensable gas, naﬁﬁglyz 0 (see the fourth paragraph in Section 3.3). Therefore,

Eq. (39) reduces t6(®; x1n;)/dn = 0, which leads tap; g 1n; = [ ¢;n; F£, d%¢ =0 because”? — 0 asn — oc. Further,
f;“,»n,»(f}_’}m + F}gm)de’g = 0 holds on the boundary because of the diffuse reflection condition (5) nithB) and (6b).
Therefore, we have

/zin;ff}l d3¢ =816 goni =0, (B.4)

on the evaporating surface. But, singgyon; > 0 on the evaporating surfacé},'?]1 should vanish there. In consequence,
ﬁfll =0 holds along a stream line in case (i). If we consider the problems in which there is no closed stream lines [type
(ii)] of the vapor flow or those in which closed stream lines of the vapor flow, if any, do not carry any noncondensable gas, we

can put
il =0 (ie,FB =0). (B.5)

By repeating the same argument successivelyifer 2, 3, ..., we can show that Eq. (25) is a consistent assumption.

In the case of an infinite domain (Section 3.6), stream lines starting from infinity may also exist. But, it is obvious that
fzgl = 0 holds along such a stream line because there is no noncondensable gas at infinity. Therefore, Eq. (25) is consistent
also in this case.
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